We present an extended version of Riemannian geometry suitable for the description of current formulations of double field theory (DFT). This framework is based on graded manifolds and it yields extended notions of symmetries, dynamical data and constraints. In special cases, we recover general relativity with and without 1-, 2-and 3-form gauge potentials as well as DFT. We believe that our extended Riemannian geometry helps to clarify the role of various constructions in DFT. For example, it leads to a covariant form of the strong section condition. Furthermore, it should provide a useful step towards global and coordinate invariant descriptions of T-and U-duality invariant field theories.
Introduction and results
One of the most prominent features differentiating string theory from field theories of point particles is the symmetry known as T-duality [1] . This symmetry interchanges the momentum modes of a string with its winding modes along compact cycles and it is one of the main ingredients in the web of dualities connecting the various different string theories. Considering the success of low-energy space-time descriptions of string theory in terms of ordinary field theories of the massless string modes, it is tempting to ask if there is some manifestly T-dual completion of these descriptions. It is the aim of double field theory (DFT) to provide such a T-duality invariant version of supergravity. The idea of DFT goes back to the early 90ies [2, 3, 4] and the development of double geometry [5, 6] led to the paper [7] , which gave DFT its name and seems to have triggered most of the current interest in this area. A detailed review of DFT is found in the overview papers [8, 9, 10, 11] .
In this paper, we shall not concern ourselves with the issue of how reasonable the main objective of DFT is. Rather, we would like to explain some of the mathematical structures involved in currently available formulations. These formulations are local and linear in various senses, and we believe that the mathematical picture we provide points towards global descriptions. In particular, we give an appropriate extension of Hitchin's generalized geometry [12, 13, 14] .
There have been a number of previous papers clarifying the underlying geometrical structures from various perspectives [15, 16, 17, 18, 19, 20, 21] . We also want to draw attention to the phase space perspective described in [22] .
In this paper, we choose to follow a different approach. The B-field of string theory is well-known to be part of the connective structure of an abelian gerbe [23, 24] , which is a categorified principal U(1)-bundle. In this picture, we have two kinds of symmetries: the diffeomorphisms on the base manifolds as well as the gauge transformations on the connective structure of the abelian gerbe. It is natural to expect that together, they form a categorified Lie group, or Lie 2-group for short. At the infinitesimal level, we have a Lie 2-algebra, which is most concisely described by a symplectic NQ-manifold. The latter objects are simply symplectic graded manifolds (M, ω) endowed with a vector field Q of degree 1 satisfying Q 2 = 0 and L Q ω = 0. They are familiar to physicists from BV-quantization and string field theory [25] and mathematicians best think of them as symplectic L ∞ -algebroids.
Our expectation is confirmed by the fact that the symplectic NQ-manifold known as Courant algebroid (a symplectic Lie 2-algebroid) already features prominently in generalized geometry and various other examples appear in mathematical discussions of T -duality. The Lie 2-algebra of infinitesimal symmetries can here be described by a derived bracket construction on the Courant algebroid [26, 27] involving the Poisson structure induced by the symplectic form as well as the Hamiltonian of the homological vector field Q. It has long been known that also the Lie bracket of vector fields is a derived bracket ι [X,Y ] 
cf. [28] . It is therefore natural to ask if even the Lie 2-algebra underlying double field theory can be realized by a derived bracket construction. It was shown in [20] that the C-bracket of double field theory, which is part of the Lie 2-algebra structure, is a derived bracket. Moreover by applying the easiest form of the strong section condition∂ = 0, it reduces to the Courant bracket of generalized geometry.
To develop the full Lie 2-algebra, however, one quickly realizes that ordinary symplectic NQ-manifolds (M, ω, Q) are not sufficient. One rather needs to lift the condition Q 2 = 0 and subsequently restrict the algebra of functions C ∞ (M) to a suitable subset. We will develop this more general picture of derived brackets in great detail, studying what we call pre-NQ-manifolds. These pre-NQ-manifolds still carry categorified Lie algebras induced by derived brackets on restricted sets of functions C ∞ (M), and they are the right extension of Hitchin's generalized geometry to capture the geometry of local double field theory.
We tried to make our presentation self-contained and in particular to provide a very detailed introduction to the language of NQ-manifolds, which might not be well-known by people studying double field theory. We therefore begin with reviews of generalized geometry, double field theory and NQ-manifolds in sections 2 and 3. Note that unless stated otherwise, we always focus on local structures and spacetimes are contractible.
Our actual discussion then starts in section 4 with the definition of pre-NQ-manifolds and the identification of an L ∞ -algebra structure arising from derived brackets. This yields the notion of extended vector fields generating infinitesimal extended symmetries as well as a restriction of the algebra of functions to a subset. We then introduce extended tensors and define an action of the L ∞ -algebra structure on those. In this picture, a natural notion of extended metric arises, together with candidate terms for an invariant action functional. This rather abstract discussion is then filled with life by studying a number of examples in section 5. We show that the pre-NQ-manifolds suitable for the description of the symmetries of Einstein-Hilbert-Deligne actions, by which we mean general relativity minimally coupled to n-form gauge potentials, are the Vinogradov algebroids T * [n]T [1] M . The fact that the symmetries are recovered appropriately might not be too surprising to people familiar with NQ-manifolds; new in this context is the construction of DFT-like action functionals for Einstein-Hilbert-Deligne theories.
Our formalism develops its real strength when applied to double field theory. The relevant pre-NQ-manifold here, E 2 (M ), is obtained in a rather nice way as a half-dimensional submanifold from the Vinogradov algebroid T * [2] T [1] X for the doubled space X = T * M . That is, double field theory can be regarded as a restriction of generalized geometry on a doubled space.
The action of extended symmetries on extended tensors is then indeed the generalized Lie derivative familiar from double field theory. Moreover, the restrictions imposed on extended functions, vectors and tensors are coordinate invariant versions of the strong section condition of double field theory. This is probably the most interesting aspect of our formalism presented in this paper: Since our restrictions arise classically as a condition for obtaining the right symmetry structures, they automatically yield well-defined, covariant and transparent conditions on all types of fields. Also, the usual examples of solutions to the strong section condition yield indeed correct restrictions on extended fields.
It is interesting to note that our restrictions are also slightly weaker for tensor fields than the usual strong section condition of double field theory. The latter is found to be too strong in various contexts [29] , and our slight weakening might provide a resolution to this issue.
Another point that becomes more transparent in our formalism is the problem of patching together the local descriptions of double field theory to a global framework and we will comment in more detail on this point in section 7.2. In [30] , the integrated action of the generalized Lie derivative on fields was used to patch local doubled fields to global ones. This, however, seems to be consistent only if the curvature of the B-field is globally exact [31] , which implies that the underlying gerbe is topologically trivial. From our perspective, this is rather natural as it is already known in generalized geometry that the Courant algebroid needs to be twisted by a closed 3-form T to describe accurately the symmetries of a gerbe with Dixmier-Douady class T .
In our formalism, it is clear how the generalized Lie derivative of double field theory should be twisted and we give the relevant definitions and an initial study of such twists in section 6.4. The resulting symmetries are the ones that should be used to patch together local descriptions of double field theory in the case involving topologically non-trivial gerbes.
Finally, we also comment on the definitions of covariant derivative, torsion and Riemann curvature tensors. The problem here is that the Lie bracket in the various definitions should be replaced by a Lie 2-algebra bracket, which in general breaks linearity of the tensors with respect to multiplication of extended vector fields by functions. After introducing an extended covariant derivative, we can write the Gualtieri torsion of generalized geometry [32] in a nice form using our language. Recall that the Gualtieri torsion is also the appropriate notion of a torsion tensor in double field theory [17] . Our expression for the torsion contains in particular the ordinary torsion tensor as a special case. The same holds for the Riemann tensor of double field theory [17] , see also [33, 34, 35, 36] . It is noteworthy that in the discussion of the latter, our weakened and invariant strong section condition appears.
There are a number of evident open problems that we plan to attack in future work. First, an extension of our formalism suitable for exceptional field theory is in preparation [37] . Second, we would like to develop a better understanding of the extension of Riemannian geometry underlying the actions of double and exceptional field theory using our language. Third, one should study our twists of the generalized Lie derivative in more detail, which can be considered as a stepping stone to fourth: developing an understanding of an appropriate global picture for double field theory. Since our approach showed that the local description of classical double field theory is mathematically consistent and reasonable, we have no more reason to doubt the existence of a global description.
Lightning review of double field theory
Let us very briefly sum up the key elements of local generalized geometry and local double field theory, since we shall reproduce them in our formalism from a different starting point.
Generalized geometry
Any target space description of classical strings has to include the massless excitations of the closed string. These consist of the spacetime metric g, the Kalb-Ramond B-field and the dilaton φ. The former two can be elegantly described in Hitchin's generalized geometry [12, 13, 14] . Underlying this description is a vector bundle E 2 ∼ = T M ⊕ T * M over some D-dimensional manifold M , which fits into the short exact sequence
Sections σ of the map ρ are given by rank 2 tensors, which can be split into their symmetric and antisymmetric parts, σ µν = g µν + B µν . Moreover, sections of E 2 describe the infinitesimal symmetries of the fields g, B, φ and they are encoded in a vector field X capturing infinitesimal diffeomorphisms and a 1-form α describing the gauge symmetry. Note that E 2 comes with a natural inner product of signature (D, D), which is given by
To write this more concisely, we introduce generalized vectors X M = (X µ , α µ ) with index M = 1, . . . , 2D. Then we have
Note that the metric η reduces the structure group of the bundle
consists of matrices of the form [14, 38] . The transformation rule for the metric and the B-field can also be written in a homogeneous way, by introducing the generalized metric [39, 40, 41, 14] 
Note that this metric is obtained from the ordinary metric g via a finite B-field transformation with adjoint action
This explains the terminology, a B-field transformation modifies linearly the value of the B-field. Moreover, we have the relation
Under infinitesimal diffeomorphisms and gauge transformations encoded in the generalized vector X, H transforms according to
where ∂ M = (∂ µ , ∂ µ = 0). Underlying this transformation is a generalized Lie derivative whose action, e.g. on tensors T M N , is defined aŝ
Note thatL X is compatible with the Courant bracket [−, −] C , which is the natural bracket between generalized vector fields:
where
Formulas (2.7), (2.8) and (2.10) clearly hint at a completion of the picture where ∂ µ = 0.
Starting from ∂ M = (∂ µ , ∂ µ = 0) we can transform to a situation with ∂ µ = 0 by applying a global O(D, D)-transformations with non-trivial off-diagonal components β or B. Certain subclasses of these transformations correspond to T-dualities, which leads us to formulas which are invariant under T-duality. This is the aim of double field theory.
Double field theory
The moduli space of toroidal compactifications of closed string theory on the D-dimensional torus T D is the Narain moduli space moted to a local symmetry group. Beyond these three symmetry groups, we have the local diffeomorphisms together with the local gauge symmetries of the B-field. These are precisely the various symmetry groups appearing in the previous section.
To obtain an O(D, D, R)-invariant formulation, we complement the coordinates x µ by an additional set, x µ , to achieve the total x M = (x µ , x µ ). Generalized vectors here are special sections of the bundle E 2 over the doubled space, and we write
String theory now requires that states or fields satisfy the level matching condition 13) which, for the massless subsector N =N = 1, translates directly into
This is the weak or physical section condition. We expect that there is an algebra structure on the fields satisfying the weak section condition and in particular, multiplication should close. This requires that we also impose the strong section condition,
(2.15) on any pair of fields f (x) and g(x). A straightforward example of a solution to the strong section is simply to put ∂ ∂xµ = 0 and for consistency, we should also put its dual, dx µ to zero. This leads back to generalized geometry.
Note that the meaning of the strong condition (2.15) on tensor fields is rather opaque, as it is clearly only covariant on functions. Also, some constructions in double field theory suggest that this condition is too strong and problematic, as mentioned in the introduction.
The metric g and the Kalb-Ramond field B are again encoded in the generalized metric H. Let us also consider the dilaton d which is connected via the field redefinition e −2d = |g|e −2φ to the usual dilaton field φ. The transformation laws for H and d read as
This transformation is given indeed by the generalized Lie derivative (2.8) and the dilaton transforms as a scalar tensor density. The biggest success of double field theory is probably the provision of an action 1 [43]
based on the Ricci scalar
This action is invariant under the generalized diffeomorphisms (2.16). Moreover, upon imposing the strong section condition ∂ ∂xµ = 0 and integrating by parts, it reduces to the usual action for the NS sector of supergravity:
A more detailed analysis shows that constructing consistent doubled versions of the torsion, Riemann and Ricci tensors is much more involved. Let us close with a few remarks on exceptional field theory, in which the T-duality invariant target space formulation of the massless subsector of string theory is replaced by a U-duality invariant target space formulation of a subsector of M-theory. Instead of winding modes, one here has to account for the various wrapping modes of M2-and M5-branes around non-trivial cycles of the target space.
There is an obvious analogue of generalized geometry, based on truncations of the bundle symmetry is replaced by the exceptional group E n , where n is the dimension of the torus T n in the compactification. There are evident analogues of the generalized metric as well as the generalized Lie derivative and the Courant bracket.
Moreover, a U-duality invariant extension of these objects exists, known as exceptional field theory, again with a Ricci scalar and an action principle. An extension of our formalism suitable for U-duality will be presented in upcoming work [37] .
NQ-manifolds
In the following section, we set up our conventions for symplectic NQ-manifolds, which will be the mathematical structure underlying most of our considerations. We also explain the relation between the symplectic NQ-manifolds known as exact Courant algebroids and U(1)-bundle gerbes.
NQ-manifolds and higher Lie algebras
Recall that an N-manifold M is an N 0 -graded manifold, i.e. a non-negatively graded manifold. We usually denote the body, i.e. the degree 0 part, of M by M 0 . We shall be interested exclusively in N-manifolds arising from N-graded vector bundles over M 0 . Such N-manifolds were called split in [44] , following the nomenclature for supermanifolds. Note that Batchelor's theorem [45] for supermanifolds can be extended to N-manifolds, and therefore any smooth N-manifold is diffeomorphic to a split N-manifold [46] , see also [47] for special cases.
An NQ-manifold is an N-manifold endowed with a homological vector field Q. That is, Q is of degree 1 and satisfies Q 2 = 0. If the NQ-manifold M is concentrated 2 in degrees 0, . . . , n, then we call M a Lie n-algebroid. Lie n-algebroids M with trivial body M 0 = * form Lie n-algebras or n-term L ∞ -algebras, given in terms of their Chevalley-Eilenberg description.
For example, consider an NQ-manifold concentrated in degree 1: M = g [1] , where in general [p] indicates a shift of the degree of the fibers or relevant linear spaces by p. If we parametrize the vector space g [1] by coordinates ξ α of degree 1, the vector field Q is necessarily of the form Q = 1 2 c α βγ ξ β ξ γ ∂ ∂ξ α . The condition Q 2 = 0 is then equivalent to the Jacobi identity for the structure constants c α βγ . Similarly, one obtains higher Lie n-algebras. Since the case of Lie 2-algebras will be particularly important later on, let us present it in somewhat more detail. Here, the NQ-manifold is concentrated in degrees 1 and 2, and consists of two vector spaces V [2] and W [1] fibered over a point * :
In terms of coordinates v a and w α on M of degrees 2 and 1, respectively, the most general homological vector field reads as
Recall from above that in the Chevalley-Eilenberg description, ordinary Lie algebras g appear as NQ-manifolds g [1] concentrated in degree one. Similarly, the NQ-manifold concentrated in degrees 1 and 2 encodes the Lie 2-algebra
. In terms of a graded basis τ α and t a carrying degrees 0 and 1, respectively, the structure constants in (3.2) encode brackets 3
The equation Q 2 = 0 now translates into the higher or homotopy Jacobi identities, which for a Lie 2-algebra read as
. Finally, let us mention that this form of a Lie 2-algebra is usually called semistrict Lie 2-algebra. This is sufficiently general for all our purposes; the most general notion of a weak Lie 2-algebra was given in [48] . Further details on semistrict Lie 2-algebras can be found in [49] and references therein.
An important example of a Lie 2-algebra which will be very similar in form to the ones we will encounter later is the String Lie 2-algebra of a compact simple Lie group G. Let g := Lie(G) be the Lie algebra of G, then the String Lie 2-algebra has underlying graded vector space R[1] ⊕ g endowed with higher products
where X i ∈ g, r ∈ R [1] and (−, [−, −]) is the generator of H 3 (G, Z) involving the Killing form on G.
One can now extend our above two examples of Lie algebras or NQ-manifolds concentrated in degree 1 and Lie 2-algebras or NQ-manifolds concentrated in degree 2 to Lie n-algebras or n-term L ∞ -algebras, which are NQ-manifolds concentrated in degrees 1 to n. That is, an n-term L ∞ -algebra is given by a graded vector space 6) which is endowed with totally antisymmetric maps µ i : L ∧i → L of degree i − 2. These higher products satisfy higher Jacobi identities generalizing (3.4), which are equivalent to the condition Q 2 = 0 in the NQ-manifold picture. Finally, n-term L ∞ -algebras are special cases of L ∞ -algebras for which L = ⊕ ∞ i=0 L i . Note that there are various notions of Lie n-algebras, and in particular multiple definitions of Lie 2-algebras, which differ in generality but which are usually equivalent in a suitable sense. For example, semistrict Lie 2-algebras have been shown to be categorically equivalent to 2-term L ∞ -algebras in [49] . To simplify our nomenclature, we will use the terms Lie n-algebras and n-term L ∞ -algebras interchangeably in the following.
A morphism of L ∞ -algebras is now simply a morphism of NQ-manifolds. We shall be mostly interested in strict such morphisms ϕ : L → L , which consist of maps of graded vector spaces of degree 0 such that
Rarely discussed in the literature but still very useful for our analysis are the notions of action and semidirect product for L ∞ -algebras. A very detailed account 4 is found in [50] , where the rather evident generalizations of the notions action, extension and semidirect product of Lie algebras to L ∞ -algebras were explored.
First, recall that an action of a Lie algebra g on a smooth manifold M is a Lie algebra homomorphism from g to the vector fields X(M ). Next, note that given a graded manifold M, the vector fields X(M) form a graded Lie algebra, which is a particular case of an L ∞ -algebra. Thus, an action of an L ∞ -algebra L on a manifold M is a morphism of L ∞ -algebras from L to X(M). We shall be exclusively interested in actions corresponding to strict morphisms of L ∞ -algebras, given by a chain map δ of the form
Semidirect products of L ∞ -algebras can be similarly defined, using analogies with Lie algebras [50] . These have an underlying action ρ of an
where X 1,2 ∈ L and w 1,2 ∈ L .
4 with certain restrictions to finite dimensional L∞-algebras A symplectic NQ-manifold of degree n is an NQ-manifold endowed with a symplectic form ω of N 0 -degree n, such that it is compatible with Q: L Q ω = 0. We write |ω| = n for its degree. Note that the degree of n implies together with the non-degeneracy of ω that the underlying N-manifold is concentrated in degrees 0, . . . , n. Given such a symplectic NQmanifold (M, Q, ω), we can introduce a corresponding Poisson structure {−, −} as follows. The Hamiltonian vector field X f of a function is defined implicitly by 5
and has grading |f | − n. The corresponding Poisson bracket reads as
As one readily verifies, this Poisson bracket is of grading |{f, g}| = |f | + |g| − n, it is graded antisymmetric,
and satisfies the graded Leibniz rule
as well as the graded Jacobi identity
, and we denote its Hamiltonian function by Q:
Note that
A trivial example of a symplectic NQ-manifold is an ordinary symplectic manifold (M, ω) with Q = 0. Thus, symplectic manifolds are symplectic Lie 0-algebroids. A more interesting example is the grade-shifted cotangent bundle T * [1]M . Locally, T * [1]M is described by coordinates x µ of degree 0 and coordinates ξ µ of degree 1. A homological vector field Q is necessarily of the form Q = π µν ξ µ ∂ ∂x ν . Compatibility with the natural symplectic structure ω = dx µ ∧ dξ µ means that π µν ∂ ∂x µ ⊗ ∂ ∂x ν ∈ ∧ 2 X(M 0 ) and Q 2 implies that the bivector π yields a Poisson structure on M . In this sense, Poisson manifolds are symplectic Lie 1-algebroids.
An important feature of symplectic Lie n-algebroids (M, {−, −}, Q) is that they come with an associated Lie n-algebra via a derived bracket construction, see [26, 51, 52, 53] . This Lie n-algebra has underlying N-graded vector space
We shall therefore make an explicit distinction, calling the former L-degree and the latter N-degree. In particular
will always refer to the L-degree and N-degree, respectively.
An explicit formula for the higher products for even n can be found e.g. in [52] . The formulas for the lowest products µ i for arbitrary n are the following totally antisymmetrized derived brackets: 17) and the last sum runs over all L-graded permutations. The signs in (3.16) are the obvious ones to conform with the symmetries of the µ k . As a final remark, note that if we had not antisymmetrized the arguments in the derived bracket construction for n = 2, we would have obtained a hemistrict Lie 2-algebra [54] . The connection to semistrict Lie 2-algebras is as follows. In a categorification of a Lie algebra to a weak Lie 2-algebra [48] , we lift two identities to isomorphisms, the alternator
In the semistrict case, Alt is trivial while Jac is not and in the hemistrict case Jac is trivial while Alt is not. In the cases we are interested in, both hemistrict and semistrict Lie 2-algebras turn out to be equivalent. An analogous statement should certainly hold also for higher n.
Vinogradov Lie n-algebroids
A very important hierarchy of symplectic NQ-manifolds are the Vinogradov Lie n-alge- 18) cf. [56, 53] . Local coordinates (x µ , ξ µ , ζ µ , p µ ) of N-degrees 0, 1, n − 1, n give a symplectic NQ-manifold with
Note that Q is of N-degree n + 1, which guarantees that its Hamiltonian vector field is of degree 1. Explicitly, the Poisson bracket reads as
and the homological vector field Q is given by
and trivially satisfies Q 2 = 0 or, equivalently, {Q, Q} = 0.
and correspond to global sections of the total space of the vector bundle
In particular, the case n = 2 reproduces all structures of the exact Courant algebroid [47] , which underlies generalized geometry, cf. section 2.1. The case n = 3 is relevant in exceptional field theory and sections of E 3 can accommodate the wrapping modes of M2-branes.
For n > 1, functions of N-degree n − 1 will be necessarily constant or linear in ζ. If we demand this also for n = 1, then the resulting functions are sections of T M ⊕ R with derived bracket
where X, Y ∈ X(M ) and f, g ∈ C ∞ (M ). This Lie algebra describes the local gauge transformations of a metric and a connection one-form: The infinitesimal diffeomorphisms form a Lie algebra, which, together with the abelian Lie algebra of gauge transformations, forms a semidirect product of Lie algebras.
We shall be particularly interested in the case n = 2, capturing the local gauge transformations for a metric and the Kalb-Ramond field B, which is part of the connective structure of an abelian bundle gerbe. Here, we find a Lie 2-algebra C ∞ (M )
(3.25) where X, Y ∈ X(M ) and α, β ∈ Ω 1 (M ). The bilinear operation µ 2 is also known as Courant bracket. It is the antisymmetrization of the Dorfman bracket ν 2 , which is recovered from the Courant bracket as
Courant and Dorfman bracket are the bilinear operations underlying semistrict and hemistrict Lie 2-algebras. These two Lie 2-algebras are equivalent in the sense of [48] , which is suggested by equation (3.26).
Twisting Vinogradov algebroids
Vinogradov Lie n-algebroids V n (M ) may be twisted by a closed n + 1-form T [57] , which amounts to the shift
This Q is automatically compatible with the symplectic structure, since
The closed form T is known as the Ševera class of the Vinogradov algebroid [58] , see also [57] and [59] . We will explain its relation to the characteristic class of a gerbe in the following section.
First, however, let us analyze the most general twist element, restricting ourselves to the case V 2 (M ). The most general Hamiltonian function of degree 3 reads as 
Note that the twist deformation S µ ν = −δ ν µ would remove the constant term in Q S,T , and therefore we will not consider it. In the remaining cases, we can verify the following statement by a short computation, cf. also [60] for a similar statement.
Proposition 3.1. The antisymmetric part of the deformation parameter S µν can be set to zero by a symplectomorphism, which can be written as
for z ∈ (x µ , ξ µ , ζ µ , p µ ). Explicitly, this transformation reads as
If S κ µ = 0, then S µν may have a symmetric part and still satisfy {Q S,T , Q S,T } = 0. Even this part can be gauged away in this way. 7 The coordinate transformation (3.32) is precisely the β-transformation of generalized geometry, cf. section 2.1. Next, we can readily classify all admissible infinitesimal twist elements, see also [47] for a more abstract proof. Proof. Consider the equation {Q S,T , Q S,T } = 0 for infinitesimal twist elements S, T . From the linearized version of (3.30), it follows that 33) and T νκλ are thus the components of a closed 3-form. Note that the deformations
are then Q-exact with
and therefore trivial, since Q-exact terms arise from symplectomorphisms.
Thus, we see that the Ševera class characterizes all infinitesimal deformations of the Vinogradov algebroid.
Exact Courant algebroids and gerbes
It is well known [23, 24] that the B-field of string theory should really be regarded as part of a Deligne 3-cocycle from a global perspective. Equivalently, it is the curving 2-form of a U(1)-bundle gerbe with connective structure over the target space.
Recall that a principal U(1)-bundle is topologically characterized by its first Chern class, whose image in de Rham cohomology is an integer curvature 2-form. Similarly, its higher analogue, a U(1)-gerbe, is topologically characterized by its Dixmier-Douady class, whose image in de Rham cohomology is an integer curvature 3-form H which locally equals dB for some 2-form potential B.
In general, a gerbe is some geometric realization of an element in singular cohomology
The most accessible such realization is probably that in terms of Murray's bundle gerbes [61] . Let us very briefly review these in the following, a useful and detailed introduction is found in [62] . Assume that we have a suitable surjective map π : Y → M such that Y covers our manifold M . This covering space Y can be chosen to consist of local patches of an ordinary good covering, but Y does not have to be locally diffeomorphic to M . Then we can form the fibered product
which generalizes double overlaps of patches. More generally, we define
which generalize double, triple and n-fold overlaps of local patches. A U(1)-bundle gerbe is a principal U(1)-bundle P over Y [2] , together with an isomorphism of principal bundles µ 123 : P 12 ⊗ P 23 → P 13 , called bundle gerbe multiplication, where P ij are the three possible pullbacks of P along the three projections Y [3] → Y [2] :
This bundle gerbe multiplication, or rather its pullback to Y [4] has to satisfy
Altogether, a U(1)-bundle gerbe is given by the triple (P, π, µ).
As an example, consider the trivial bundle P = M × U(1), which can be regarded as the trivial bundle gerbe for
= M , the bundle gerbe multiplication µ 123 is simply the trivial isomorphism. This example is relevant for T-duality for trivial torus fibrations. Note that non-trivial principal U(1)-bundles P are not bundle gerbes because for them, there is no isomorphism between P ⊗ P and P over M .
We can now endow the principal U(1)-bundle P over Y in a bundle gerbe (P, π, µ) with a connection ∇ compatible with the bundle gerbe multiplication. Its curvature F ∇ on Y can be shown [62] to be necessarily the difference of the pullbacks of a 2-form B on Y along the two possible projections Y [2] → Y . Finally, the 3-form dB on Y is necessarily the pullback of a global 3-form H on M . This 3-form H is integral, just as the 2-form representing the first Chern class of a principal U(1)-bundle. That is, any integral over closed 3-dimensional manifolds in M is an integer. We call the data (∇, B) on a U(1)-bundle gerbe a connective structure.
Inversely, consider an integral 3-form H ∈ H 3 dR (M ) representing the Dixmier-Douady of a bundle gerbe. For simplicity, we restrict ourselves to an ordinary cover U = (U i ). By the Poincaré lemma, there are potential 2-forms B i on local patches U i with H| U i = dB i . These are glued together by gauge transformations on overlaps U i ∩ U j parameterized by 1-forms Λ ij according to B i − B j = dΛ ij , which in turn give rise to functions f ijk with df ijk = Λ ij − Λ ik + Λ jk . The f ijk form the Čech cocycle describing the bundle gerbe multiplication µ ijk = e if ijk , analogously to transition functions of a principal U(1)-bundle.
There are now two obvious local symmetries of a U(1)-bundle gerbe: the gauge symmetry of the 2-form B as well as diffeomorphisms acting on the base space M . At infinitesimal level, these are captured by a 1-form and a vector field. Since a gerbe is a categorified principal bundle with categorified structure group, these infinitesimal symmetries do not form an ordinary Lie algebra but rather a Lie 2-algebra, and this Lie 2-algebra is precisely the Lie 2-algebra (3.25) constructed from the twisted Hamiltonian Q S,T . Note that it is not a semidirect product of L ∞ -algebras, because if we write
then ρ(X) is not an action by a vector field, i.e. an element of X(M ), but contains second order derivatives,
In the Lie 2-algebra (3.25), elements X + α of X(M ) ⊕ Ω 1 (M ) parametrize infinitesimal diffeomorphisms and gauge transformations, while elements f of C ∞ (M ) yield gauge transformations between gauge transformations:
More generally, and as suggested by Ševera [58] , the Courant algebroid with Ševera class
is to be seen as the Atiyah algebroid of the gerbe with Dixmier-Douady class H, see also [63] . The infinitesimal symmetries 8 of a U(1)-gerbe with characteristic class H over M are described locally over patches U i by the exact Courant algebroid V 2 (U i ) with Ševera class H. The 1-forms Λ ij introduced above, which describe the connection on the gerbe can now be used to glue together the local descriptions T U i ⊕ T * U i over overlaps of patches U i ∩ U j by mapping
The result is the generalized tangent bundle, cf. [13] , and this is one of the first replacements one should make in globalizing Vinogradov algebroids in the presence of non-trivial H-flux. Note that in this paper, all our considerations will remain local. These above observations for n = 2 readily extend to higher n. Functions on V n (M ) of degree n−1 parametrize local gauge transformations of a metric and a connection n-form on a U(1)-bundle n − 1-gerbe. Such local gauge transformations form a Lie n-algebra, which is encoded in the L ∞ -algebra associated to the Vinogradov Lie n-algebroids V n (M ). A more comprehensive analysis of all this is found e.g. in [64] .
In summary, we can say that the Vinogradov Lie n-algebroids V n (M ) twisted by a closed n + 1 form T are linearizations of (n − 1)-gerbes with characteristic class T in the sense that they capture their infinitesimal gauge and diffeomorphism symmetry Lie n-algebra.
Extended Riemannian geometry and pre-NQ-manifolds

Motivation
To study differential geometry of Riemannian manifolds, we require a definition of tensors including a preferred symmetric tensor specifying the metric. Moreover, there is a Lie algebra of infinitesimal diffeomorphisms which is generated by vector fields and acts on tensors via the Lie derivative. This Lie algebra is simply the Lie algebra of vector fields. With it and the Lie derivative, we readily define the exterior derivative. Next, Cartan's formula links the Lie derivative to a composition of exterior derivative and interior product. The interior product is naturally extended to a more general tensor contraction, which should be defined, too. Finally, we require some notion of curvature tensors, from which we can derive an action principle for geodesics, if desired.
Most of the above mentioned structures are readily described in terms of structures on NQ-manifolds. Consider, e.g., the Vinogradov Lie 2-algebroid V 2 (M ) for some Ddimensional manifold M with coordinates (x µ , p µ , ξ µ , ζ µ ), µ = 1, . . . , D, on the total space.
Recall from section 3.3 that V 2 (M ) is a symplectic NQ-manifold of N-degree n = 2 and comes with a symplectic form ω and a homological vector field Q with Hamiltonian Q.
Forms and polyvector fields are now simply functions on V 2 (M ):
The Lie derivative is given by 2) and the Lie bracket on vector fields is its antisymmetrization
Note that plugging polyvector fields into this bracket, one recovers the Schouten bracket. The exterior derivative is then simply
and, compatible with Cartan's formula, we have
It is therefore natural to expect that one can formulate differential and Riemannian geometry in terms of expressions on NQ-manifolds, which then extends to more general situations. It will turn out that we can even go slightly beyond NQ-manifolds, and the resulting framework will reproduce the formulas of double field theory.
In this section, we axiomatize our definitions. In a subsequent section, we work out various examples of our framework, which we call extended Riemannian geometry.
Extended diffeomorphisms
For our purposes, we will require a generalization of symplectic NQ-manifolds. The fact that Q generates symplectomorphisms on M implies again that it is Hamiltonian. In the following, let {−, −} be the Poisson bracket induced by ω and let Q be the Hamiltonian of Q.
To describe symmetries in extended Riemannian geometry, we require a homogeneously graded set of extended vector fields X (M) ⊂ C ∞ (M) (not to be confused with the vector fields on M, X(M)). These should form a semistrict Lie n-algebra with the higher brackets obtained as the derived brackets introduced in (3.16).
In particular, there is the binary bracket 6) which requires the elements of X (M) to be of N-degree n − 1. We immediately conclude the following simple statement:
Since the Poisson bracket is of degree −n, we have {X, f } = 0 for all X ∈ X (M) and f of N-degree 0.
Note that µ 2 is related to the ordinary derived bracket ν 2 .
Lemma 4.3. The map µ 2 and the map
satisfy the following equations:
As stated above, µ 2 should be the binary bracket on the degree 0 part of a Lie n-algebra. One might additionally want ν 2 to form a Leibniz algebra 9 . We start with examining the latter constraint.
Lemma 4.4. The map ν 2 as defined in (4.7) defines a Leibniz algebra (of L-degree 0) on 9) if and only if
for all X, Y, Z ∈ X (M).
9 A Leibniz algebra of degree n is a graded vector space endowed with a bilinear operation satisfying the Jacobi identity of degree n, which differs from the Leibniz rule of degree n given in (3.12b), cf. [28] .
Proof. We compute
(4.11)
Note that this result is interesting in its own right. Derived brackets of this kind have been abstractly discussed in [65] , where they were called generalized Loday-Gerstenhaber brackets. We are not aware of more than a few examples of such brackets, and our construction of ν 2 on pre-NQ-manifolds using a subset X (M) of the full set of functions provides a large class of such examples.
For our discussion, however, lemma 4.4 merely serves as a stepping stone to the following statement.
Theorem 4.5. The antisymmetrized derived bracket µ 2 satisfies the homotopy Jacobi rela- holds for all X, Y, Z ∈ X (M). Here, and in the following we use the notation
for the weighted, totally antisymmetrized sum of some multilinear map F .
Proof. This statement follows from the proof of lemma 4.4 together with the observation that 16) which is a consequence of lemma 4.3, and {Y, Z} − {Z, Y } = 0.
Clearly, the condition for µ 2 satisfying the homotopy Jacobi relation is weaker than that of ν 2 forming a Leibniz algebra. Again, we are merely interested in the Lie n-algebra of symmetries, so we will constrain the set X (M) by (4.14).
Let us now extend theorem 4.5 to a full Lie n-algebra structure on a subset L(M) of C ∞ (M) with derived brackets (3.16). We start with the chain complex 17) cf. (3.15) . Note that the homotopy Jacobi relation µ 2 1 := Q 2 = 0 is nontrivial only when applied to elements of L k (M) with k > 1. We can therefore lift Q 2 = 0 on elements of L 1 (M) and L 0 (M), as done in theorem 4.5. Moreover, it is clear from the proof of theorem 4.5 that in verifying the higher homotopy relations (3.4), Q 2 will never appear outside all Poisson brackets, but always in the form {. . . {Q 2 −, −}, . . .}. Therefore, the condition Q 2 = 0 is unnecessarily strict and can be relaxed to conditions like (4.14). As a consequence, however, we cannot expect an L ∞ -algebra structure on all of C ∞ (M), as in the case of Lie n-algebroids. Instead, we have to choose a suitable subset. In special cases, this notion of L ∞ -algebra structure corresponds to a polarization or, as we will see later, to the strong section condition of double field theory up to a slight weakening.
We are particularly interested in the case of Lie 2-algebras for which we have the following theorem. 
Proof. The first and second conditions are equivalent to the homotopy Jacobi identities
, respectively. The third condition is equivalent to
by theorem 4.5. The homotopy Jacobi identity
yields the condition Using the same relation, we find by direct computation that also the identity (3.4b) holds up to terms of the form
Extended tensors
The L ∞ -structure L(M) on the pre-NQ-manifold M will play the role of extended infinitesimal diffeomorphisms and gauge transformations, which should act on extended tensors. Note that C ∞ (M) already encodes totally antisymmetric products of vector fields, which will be identified with extended tensors. In order to capture extended Riemannian geometry, and in particular the metric, we will have to allow for arbitrary extended tensors. This is done by replacing the graded symmetric tensor algebra C ∞ (M) generated by the coordinate functions of positive grading on M by the free (associative) tensor algebra T (M) generated by the coordinate functions of positive grading.
Definition 4.8. By T (M), we mean the tensor algebra of C ∞ (M) which is seen as a graded module over the commutative ring C ∞ (M 0 ).
We would like our gauge L ∞ -algebra L(M) to act on elements in T (M), and the natural candidate is a generalization of the derived bracket. For this, we extend the Poisson bracket via the Leibniz rule as follows. Definition 4.9. We implicitly define an extension of the Poisson bracket on M,
Note that this equation is consistent and fixes the extension uniquely, as is readily seen by computing the expression {f, for all f, g ∈ C ∞ (M) and t ∈ T (M).
Proof. By direct verification of the identity for t = t 1 ⊗ t 2 .
The extended Poisson bracket allows us now to define a natural action of the Lie n-
where f ∈ L(M), t ∈ T(M) ⊂ T (M) and δ was defined in section 3.1 as δ(t) = Qt for t ∈ C ∞ n−1 (M) = L 0 (M) and δ(t) = 0 else. The subset T(M) is then defined by the requirement that (4.25) is indeed an action of an L ∞ -algebra as defined in section 3.1. 
X(T(M)).
Proof. The first equation amounts to 27) for all X, Y ∈ L 0 (M), where
The second equation guarantees that X is indeed an element of X(T(M)), that is X t ∈ T(M). Since δ vanishes on L i (M) for i > 0, there is nothing else to check.
Note that for t ∈ L 0 (M), the first condition in (4.26) is an antisymmetrization of that of lemma 4.4, but stronger than that of theorem 4.5. Ideally, we would like elements of L(M) to be simultaneously elements of T(M), just as vectors are also tensors. Also, it is not clear to us whether the most general set T(M) is really relevant or interesting. We therefore give the following definition. 
An extended function is an element of
Note that any L ∞ -algebra structure L(M) gives rise to an extended tangent bundle structure, as long as Q 2 = 0.
Extended tensor densities
For writing down action functionals, we shall also require an extended scalar tensor density and its transformations under extended symmetries. For example, the naive local top form dx 1 ∧ . . . ∧ dx D on a D-dimensional Lorentzian manifold is not invariant, but needs to be multiplied by a scalar tensor density, yielding
where φ is the ordinary dilaton field. We follow the convention of double field theory and combine both the tensor density and a potential exponential of a dilaton into an extended dilaton d and always write
for the volume form. Note that d = − 1 2 log |g| in the case of ordinary geometry and trivial dilaton.
In a general extended geometry, the transformation law of e −2d is derived from the fact that a scalar function R together with Ω should give rise to the invariant action
such that δS is an integral over a total derivative. That is,
which reproduces (4.29) in the case of ordinary differential geometry. We shall work out several further examples in sections 5 and 6.
Extended metric and action
So far, we have described extended infinitesimal symmetries as Lie n-algebras and we have defined their action on extended tensor fields. It remains to provide a definition of an extended metric. For this, we generalize an idea found e.g. in [66] . Let G and be the structure group and the relevant representation on the extended tangent bundle T (M) on our pre-NQ-manifold M and let H be a maximal compact subgroup. An extended metric is simply a reduction of the bundle T (M) to another one, E, with structure group H and restriction of the representation .
Explicitly, let U = (U i ) be a cover of M and let g ij : U i ∩ U j → (G) be maps encoding a general cocycle with which defines T (M) subordinate to U. Then the reduction is given by a coboundary consisting of maps γ i : U i → (G) between g ij and another cocycle h ij with values in (H), defining an isomorphic vector bundle:
This equation implies that
and therefore γ i encodes a bundle morphism from T (M) to another bundle E with structure group H and representation | H . Note, however, that also a coboundary given by h i γ i with h i : U i → | H defines such a bundle:
Let us now assume that T (M) carries an H-invariant inner product and denote the corresponding adjoints by − * . Then h * i = h
in general and we have a simple way of factoring out the remaining equivalence (4.35) by considering
We will usually refer to H as the extended metric. Action principles can be defined from the extended metric and its derivatives as functions which are invariant under the symmetry group H and the extended symmetries induced by the extended Lie derivative. Such action functionals have to be constructed individually for each extended geometry as a sum of H-invariant terms which is invariant under extended diffeomorphisms. It turns out that in all the cases we shall discuss, the terms considered in the literature on double and exceptional field theory, cf. e.g. [67] , are sufficient. That is, we will consider actions of the form It is an obvious question whether one can derive this action from an extended Riemann tensor. We will discuss the problems associated with extended Riemann and torsion tensors in detail in section 7.1.
Examples
Example: Riemannian geometry
To describe the symmetries of ordinary Riemannian geometry on a manifold M , we choose M = V 1 (M ) with coordinates x µ , ζ µ of N-degree 0 and ξ µ , p µ of N-degree 1, cf. section 3.3. We trivially have Q 2 = 0, so we are free to choose any consistent subset of C ∞ (M) as our L ∞ -structure. The appropriate L(M) here are the functions linear in ζ µ because these parametrize vector fields X = X µ ζ µ , and their Lie n-algebra structure is simply the Lie algebra of vector fields:
Since Q 2 = 0, the tensor fields T(M) are all elements of T (M), and the action of L(M) on T(M) is just the usual transformation law of tensors under infinitesimal diffeomorphisms: X t := L X t or, in components,
The reduction from G to H defining the extended metric is trivial in this case, since G = H, and the coboundaries γ i are simply chosen to be ordinary vielbeins. This yields the ordinary metric as extended metric, and it transforms as expected:
By its definition in section 4.4, the exponential of the extended dilaton e −2d has to transform in such a way that the Lagrangian in (4.31) transforms as a total derivative under the integral. As it is well known, this is the case if e −2d transforms as an ordinary tensor tensity of weight 1, as e.g.
√ g.
The relevant action here, which is constructed from the terms listed in section 4.5, reads as
Instead of checking the invariance of this action under the usual diffeomorphisms, we directly verify that it reproduces the Einstein-Hilbert action coupled to a dilaton. To see this, we identify e −2d = |g|e −2φ , which implies
We also recall that
and note that
7) which is readily verified. Using the latter equation, we rewrite the action
Since g κµ ∂ ν g µν = g µν Γ κ µν + Γ κ , this equals 10) and partial integration of the first term finally yields
(5.11)
Example: Riemannian geometry with principal U(1)-bundle
To describe an additional connection on a (trivial) principal U(1)-bundle over M , we can again start from M = V 1 (M ), but with a more general L ∞ -structure. We choose L(M) to be the constant and linear functions in the ζ µ , which yields u(1)-valued functions together with the vector fields on M . Correspondingly, the extended tangent bundle is T M ⊕ R.
The resulting Lie n-algebra is an ordinary Lie algebra, namely the semidirect product of the diffeomorphisms with the gauge transformations: 
The extended metric then reads as
with inverse
These formulas already appeared in [41] in a different context. Note that H mn has trivial kernel, because
and each of these matrices has trivial kernel. We could say that H arises from A-field transformations from the block-diagonal metric, analogous to equation (2.6). The action of an extended vector (f + X) H induces the usual diffeomorphisms on the metric g µν as well as gauge transformations and diffeomorphisms on the gauge potential A µ .
The extended Lie derivative transforms the top form dx 1 ∧ . . . ∧ dx D as in the previous example, and so the extended dilaton transforms again identical to an ordinary tensor density of weight 1.
The invariant action here is the same as in the previous example:
Identifying again e −2d = |g|e −2φ , we verify this action's invariance by rewriting it in familiar form:
(5.18) Note that for A µ = 0, this reduces to the action of the previous section. Thus, it remains to study the part S A of the action containing the gauge potential, which read as 20) we obtain the desired expression:
(5.21)
Example: Generalized geometry
It is well known that the appropriate geometric structure underlying generalized geometry on a manifold M is the symplectic Lie 2-algebroid M := V 2 (M ) of N-degree 2. Recall that this is the Vinogradov algebroid that underlies the exact Courant algebroid T M ⊕ T * M . The antisymmetrized derived bracket is simply the Courant bracket, see equations (3.25). The resulting Lie 2-algebra is the semidirect product of the Lie algebra of diffeomorphism, regarded trivially as a Lie 2-algebra, and the abelian Lie 2-algebra of gauge transformations of the curving 2-form of a trivial abelian gerbe. The transformation law for tensors reads as
The extended metric here and how it arises from a diagonal metric via B-field transformation was already discussed in section 2.1. We have
The action of an extended vector X H yields the action of diffeomorphisms on the metric as well as the combined action of diffeomorphisms and gauge transformations on the 2-form potential B. As in the two cases before, the extended Lie derivative transforms the top form dx 1 ∧ . . . ∧ dx D as usual, and therefore the extended dilaton transforms as an ordinary tensor density of weight 1. The invariant action for generalized geometry is well known to be that of double field theory:
Again, we bring this action into familiar form, focusing on the Lagrangian:
The terms independent of B combine to the form of the Einstein-Hilbert Lagrangian plus the dilaton contributions which we encountered before,
The terms dependent on B reduce, as expected, to H 2 for H = dB and we have
see e.g. [68] for the details.
Example: Higher generalized geometry
So far, we have discussed general relativity with 1-and 2-form gauge potentials. This sequence is readily continued to 3-form gauge potentials. The latter case is also physically interesting, as it corresponds to exceptional field theory after imposing a section condition. Therefore, and for completeness sake, let us also list the ingredients here.
From our above discussion, we are clearly led to consider the symplectic Lie 3-algebroid
We use the usual coordinates (x µ , ξ µ , ζ µ , p µ ) of degrees 0,1,2 and 3, respectively. Extended vector fields have degree 2 and are of the form
They thus contain a vector field X µ ∂ ∂x µ as well as a 2-form 1 2 α µν dx µ ∧ dx ν . This is the right data for diffeomorphisms and gauge transformations of a 3-form potential C. Since Q 2 = 0, we get a canonical L ∞ -structure on V 3 (M ) with 2-bracket 30) which has the same form as the Courant bracket (3.25). Note, however, that α and β are 2-forms here. The tensor transformation law is again obtained from
where t carries indices M = ( µ , νκ ). One can, however, extend this action to a subset of more general functions on V 3 (M ).
As for all previous cases, the extended metric is obtained by a gauge field transformation acting on the diagonal metric. The relevant indices here are
where we inserted a constant a ∈ R allowing for a field rescaling of C, and therefore we have the component expressions
The relevant action here requires additional terms to those of the previous examples:
(5.35) Again, we verify its gauge invariance by reducing it to a familiar form. Since the computations get rather involved, we used a computer algebra program to complete this task. The result is
with the choice a = 3 √ 2, which is the usual Einstein-Hilbert action of the first example coupled to the abelian 3-form potential C with curvature G = dC.
Double field theory as extended Riemannian geometry
So far, we only employed ordinary symplectic Lie n-algebroids in our examples, and there was no need to lift Q 2 = 0, generalizing to pre-NQ-manifolds which are not NQ-manifolds. As we shall see now, the description of double field theory requires this lift.
Restriction of doubled generalized geometry
For a description of double field theory, we have to double spacetime from M to M ×M . Since we currently have to restrict ourselves to a local description, the bundle T * M will have to do. On this bundle, we want to describe the gauge transformations of a trivial abelian gerbe, just as in generalized geometry. This suggests to use
. . , ζ µ , ζ µ ) as our starting point. This Lie 2-algebroid comes with the usual symplectic structure and Hamiltonian for a homological vector field Q,
where we rescaled Q for convenience. The underlying symmetry group is now GL(2D), which we have to restrict to the symmetry group O(D, D) of double field theory. This is done by introducing the metric η M N of split signature (1, . . . , 1, −1, . . . , −1), cf. (2.3) . Using this metric, we can restrict the tangent space coordinates to the diagonal, using coordinates
Eliminating the dependence on β M of all our objects 10 leaves us with the pre-NQ-manifold
) of degrees 0, 1 and 2, respectively. The reduction also leads to the following symplectic structure on E 2 (M ):
3)
The Poisson bracket reads as
for f, g ∈ C ∞ (E 2 (M )) and the Hamiltonian vector field of Q is
is not an NQ-manifold. It is, however, a symplectic pre-NQ-manifold of N-degree 2.
We thus need to choose an L ∞ -structure in the form of a subset L(E 2 (M )) ⊂ C ∞ (M ) satisfying the conditions of theorem 4.7. A short computation yields the following.
of L-degrees 1 and 0, respectively, we have the following relations.
Note that the strong section condition of double field theory is sufficient, but not necessary to satisfy (6.6). Thus, choosing a specific L ∞ -algebra structure L(E 2 (M )) amounts to a choice of solution to (6.6) and therefore corresponds essentially to "solving the strong section condition" in DFT parlance. Contrary to the strong section condition postulated in DFT, however, the left-hand expressions in equations (6.6) are completely independent of a choice of coordinates.
Note also that the Poisson bracket (6.1) yields the natural pairing of two extended vector fields X, Y :
We use again the shorthand notations
As we shall see in section 6.3, an obvious L ∞ -structure on E 2 (M ) for M = R n recovers the corresponding Vinogradov Lie 2-algebroid encoding generalized geometry. This implies that the C-bracket and all induced structures of double field theory reduce to the Courant bracket and the corresponding structures in generalized geometry.
Symmetries
The extended vector fields X (E 2 (M )) = L 0 (E 2 (M )) encode infinitesimal diffeomorphism and gauge transformations, while elements of L 1 (E 2 (M )) ⊂ C ∞ (M ) describe morphisms between these, as discussed in section 3.3. Let us now give the explicit Lie 2-algebra structure.
Proposition 6.2. An L ∞ -algebra structure on the pre-NQ-manifold E 2 (M ) is a Lie 2-algebra of symmetries given by a graded vector space
together with higher products
This Lie 2-algebra now has a clear relationship to the symmetry structures in double field theory, and we readily conclude the following statements. Theorem 6.3. Given an L ∞ -structure on E 2 (M ), the product µ 2 (X, Y ) is simply the Cbracket of double field theory. The D-bracket is given by
indeed the action of the extended Lie derivative on tensors as given in (2.8). In particular, for a rank 2-tensor t M N θ M ⊗ θ N , we have
(6.11)
Note that since we are working with a pre-NQ-manifold, the restrictions of theorem 4.11 apply to extended tensors.
The transformation property of the dilaton e −2d is fixed by the invariance of the action:
where R is an appropriate Ricci scalar. Note that contrary to ordinary differential geometry, the naive top form is invariant:
Since X (e −2d R) = (X e −2d )R + e −2d (X R), we have to demand that 14) in order to obtain a total derivative as a transformation of the action.
Examples of L ∞ -structures
Recall that an L ∞ -structure on
Moreover, an L ∞ -structure is essentially a weaker replacement of a solution to the strong section condition in double field theory.
The most obvious L ∞ -structure is obtained after splitting coordinates x M = (x µ , x µ ), θ M = (θ µ , θ µ ) and p M = (p µ , p µ ) and restricting to functions independent of x µ . We can regard this as restricting ourselves to the subspace of E 2 (M ) given by x µ = 0. Restricted to this subspace, the original symplectic structure ω is singular, unless we restrict further to p µ = 0. The resulting subspace is simply the symplectic NQ-manifold V 2 (M ) underlying generalized geometry. In this way, double field theory reduces to generalized geometry.
Obviously, we can apply O(D, D)-rotations to this L ∞ -structure to obtain new variants. In particular, the "dual" restriction to functions independent of x µ and p µ works similarly well, and produces an isomorphic solution. Also mixed versions exist: For example, putting
for any antisymmetric tensor field π ∈ Γ(∧ 2 T M ) provides a solution to (6.6), as one easily verifies. All of these L ∞ -structures are also solutions to the strong section condition. Clearly, it would be very interesting to study the existence of further, more general L ∞ -structures, in particular of those which do not satisfy the strong section condition.
Twisting extended symmetries
In section 3.5 we explained how in generalized geometry, an exact Courant algebroid with Ševera class H describes the infinitesimal symmetries of an U(1)-bundle gerbe with 3-form curvature H. Because a solution to the section condition reduces double field theory to generalized geometry, it is clear that in the presence of non-trivial background fluxes, also the symmetries of double field theory require twisting. Moreover, such a twist should play an important role in developing a global description of double field theory, and we will return to this point in section 7.2.
The idea is to mimic the twist of a Courant algebroid and introduce a Hamiltonian 16) where
is another extended function of degree 3. This is in fact the most general deformation of Q, as only elements of N-degree 3 are admissible. The corresponding
Hamiltonian vector field with respect to the Poisson bracket (6.1) reads as 17) which is by construction a symplectomorphism on E 2 (M ). We now have
18) where T P KL := η P Q T QKL etc. Again, we should not require that Q 2 S,T = 0, which is equivalent to {Q S,T , Q S,T } = 0, but merely demand that the conditions of theorem 4.7 are satisfied. This leads to a twisted L ∞ -algebra structure, containing twisted C-and D-brackets. Altogether, we make the following definition.
Given a twist of L(E 2 (M )), we define the twisted D-and C-brackets by
A detailed study of such twists is beyond the scope of this paper and left to future work. Let us merely present a discussion analogue to that of section 3.4 and look at infinitesimal twists.
We start by considering (6.18) . The term quadratic in p M p N implies that S M N is antisymmetric if it is infinitesimal. By construction, the coordinate transformations
Explicitly, we have with
Equations (6.22) then reduce to 24) and we arrive at the following theorem.
for any F ∈ L(E 2 (M )).
As a corollary, we directly obtain the usual twists of Courant algebroids in generalized geometry.
closed 3-forms are infinitesimal twists.
Outlook
In this last section, we present some partial but interesting results on extended torsion and Riemann tensors as well as some comments on the global picture.
Extended torsion and Riemann tensors
The extension of torsion and Riemann curvature tensors on a general pre-NQ-manifold is an unsolved mathematical problem. It is not even clear, whether it is a good problem to pose. In the following, we present extensions for the case of the Vinogradov algebroids V 1 (M ), V 2 (M ) and the pre-NQ-manifold E 2 (M ), which are motivated by standard Riemannian geometry and DFT, respectively. As a first step, we have to introduce a notion of covariant derivative on a symplectic pre-NQ-manifold M. Let n be the degree of M. Just as all our symmetries were described in terms of Hamiltonians acting via the Poisson bracket, we ask that a covariant derivative in the direction X is also a Hamiltonian function.
Definition 7.1. An extended covariant derivative ∇ on a pre-NQ-manifold M is a linear map from X (M) to C ∞ (M) such that the image ∇ X for X ∈ X (M) gives rise to a map
which readily generalizes to extended tensors and satisfies
for all f ∈ C ∞ (M) and extended tensors Y .
We now restrict to the three cases V 1 (M ), V 2 (M ) and E 2 (M ). To simplify out notation, we useX (M) to denote extended vectors and covectors. For the Vinogradov algebroids, X (M) are simply the functions linear in the coordinates ζ µ or ξ µ , cf. section 3.3, and for E 2 (M ),X (M) are the functions linear in the coordinates θ M , cf. section 6.1. That is,
We also use repeatedly the algebra of functions C ∞ (M ) = C ∞ (M 0 ). We follow the historical development of generalized geometry and introduce the torsion tensor first. Definition 7.2. Let M be a pre-NQ-manifold. Given an extended connection ∇, we define the extended torsion tensor T :
where |X|, |Y | denote the respective N-degrees and π is the obvious projectionX (M) →
X (M).
For ordinary differential geometry, which is captured by M = V 1 (M ), T (−, −, −) reduces to the ordinary torsion function
, where X is a one-form, Y, Z are vector fields and X, Y := ι Y X. It vanishes for all other combinations of forms and vectors. In the cases of generalized geometry and double field theory, this extension of the torsion tensor boils down to the Gualtieri torsion [32] and [17] , as we shall show later. In particular, it is a tensor and therefore C ∞ (M )-linear in all its entries for the cases we consider.
In a similar way, we are able to provide a definition of an extended curvature operator which reduces to the curvature tensors of ordinary Riemannian geometry, generalized geometry and double field theory in the respective cases of V 1 (M ), V 2 (M ) and E 2 (M ). Again it uses the Poisson brackets forX (M). Definition 7.3. Let M be a pre-NQ-manifold. Given an extended connection ∇, the extended curvature operator R :
In the following, we will discuss these two tensors for the three symplectic pre-NQmanifolds of interest to us. In the case of E 2 (M ), we will make the remarkable observation that tensoriality of the curvature operator is established using the constraints (6.6), underlining the fact that these are the appropriate strong constraints for functions and vector fields.
Let us start with the case of Riemannian geometry, which is captured by the symplectic pre-NQ-manifold M = V 1 (M ). We need to show that definitions 7.1, 7.2 and 7.3 reduce correctly to the expected objects of Riemannian geometry.
The following Hamiltonian for X ∈ X (M) has the properties of definition 7.1 and reproduces the right expressions for the covariant derivative of forms and vector fields:
The coefficients Γ ρ µν are indeed the usual Christoffel symbols.
where the bracket is the Lie bracket of vector fields. More generally, this is true whenever we take one element of X * (M) and the other two in X (M). In all other cases the extended torsion vanishes.
Proof. The proof is done by simply writing out the Poisson brackets. Let X ∈ X * (M) and Y, Z ∈ X (M). Then we get
Similarly, expanding out the second part in the definition of extended torsion, we get
Because torsion components in Riemannian geometry are given by Γ ρ µν − Γ ρ νµ , the first claim follows. The calculation is similar whenever there is one element in X * (M). If all elements are in X (M), all terms are separately zero, as there are only Poisson brackets of vectors and vectors, which vanish. If there are two elements or all three elements in X * (M), one is left with brackets of two forms, which also vanish.
We also have the expected statement for the extended curvature operator:
Then the extended curvature (7.4) reduces to the standard curvature: Proof. Similar to the previous proposition, the proof is done by checking the Poisson brackets. For the last statement, we recall that the binary product µ 2 was defined as
The statement follows by using the latter and checking the different cases.
So far, we have seen that for the right Vinogradov algebroid M = V 1 (M ), we recover the defining objects of ordinary Riemannian geometry. In this sense, we extend ordinary Riemannian geometry. In the following, we describe the remaining two cases, yielding essential aspects of torsion and curvature in generalized geometry and double field theory.
Since generalized geometry is readily obtained by reduction of double field theory, we focus now on the case M = E 2 (M ). Generalized vector fields are given by extended vector fields, which we denote by X (M) X = X M θ M and as noted above, we here have
The extended covariant derivative with the properties of definition 7.1 now reads
Already from the covariant constancy of the bilinear form η, we see the antisymmetry of the extended connection coefficients:
As was shown in detail in [17] , the appropriate notion of torsion is the Gualtieri torsion, which in generalized geometry reads 12) where ν 2 (−, −) denotes the Dorfman bracket of generalized geometry, and X, Y, Z are generalized vectors. Furthermore, it was shown in [17] , that a Riemann curvature operator can be defined, see also [36] for related results. We will now reformulate these objects in our language and investigate their C ∞ (M )-linearity properties. We begin with the torsion tensors.
Proposition 7.6. For extended vector fields X, Y, Z ∈ X (M), the extended torsion tensor equals the Gualtieri-torsion:
The proof is done by explicit calculation. Non-tensorial derivative terms cancel out and the remaining terms are 14) coinciding with the original torsion found by Gualtieri and used in [17] in the context of double field theory. Now we turn to the extended curvature tensor in the case of M = E 2 (M ). We discuss the result of [17] in terms of the language set up in this work. As a simplification, we restrict ourselves to the case of vanishing extended torsion (7.14) . First, we observe that the Poisson-bracket of two extended covariant derivatives contains the tensorial part of the standard Riemann tensor, but on the doubled space 11 :
In standard Riemannian geometry, the Lie-derivative terms are canceled by the covariant derivative with respect to the Lie derivative of the corresponding vector fields. In double 11 Here we use the abbreviation [X, Y ] K for the Lie-derivative part, i.e. [X, Y ]
field theory, infinitesimal symmetries are determined by the C-bracket µ 2 , so we have to replace the Lie derivative by the latter. The resulting expression is not tensorial, and we have to add further terms to correct for this, as done in (7.4) . We arrive at the following result, written in terms of Poisson brackets:
Proposition 7.7. For M = E 2 (M ), the extended curvature operator R, given by (7.4) is tensorial up to terms that vanish after imposing the constraints (6.6).
Proof. First, note that for n = 2 the sign factors in (7.4) drop out. Denoting the standard Riemannian curvature combination by R M N KR , i.e. 16) and writing out the expression (7.4) in terms of components, we get We now use the vanishing of the Gualtieri torsion (7.14) to simplify the combinations of connection coefficients, which yields
From the last expression, we see, that all terms in the first line are manifestly tensorial, whereas the term in the second line is not. However, the terms destroying tensoriality vanish due to the constraints (6.6). For example, the failure of C ∞ (M )-linearity in X reads as (7.19) and the terms of the form {∂ K f ∂ K Z, W } and {∂ K f ∂ K W, Z} vanish due to the strong constraint in the form of the first two lines of (6.6).
Finally we comment on the Ricci and scalar curvatures in the case of M = E 2 (M ). By definition, the Ricci scalar is the trace of an endomorphism of the doubled tangent bundle, more precisely, we have Ric(X, Y ) = tr(Z → R(X, Z)Y ) . (7.20) In our case, this means that Ric(X, Y ) = R(θ I , X, θ I , Y ). Using the result (7.4), we see that the derivative terms which are only tensorial up to the constraints (6.6) cancel. Furthermore, denoting the standard combination for the Ricci tensor using (7.15) Finally, the Ricci-scalar is computed by contracting the Ricci-tensor. We note that this is done by the bilinear form η, in contrast to the generalized metric H (cf. e.g. [35] ). Thus we obtain the Ricci scalar
Note that here and in the following, we raise and lower indices with the constant form η. Contractions with the generalized metric H are written out explicitly to emphasize the appearance of the generalized metric as the dynamical field.
To write down actions, it is necessary to express the connection coefficients Γ M N K of (7.10) in terms of the the generalized metric H, which is the dynamical field of the theory. This is done in a similar way as in [35] . We review some details and state the result. In contrast to ordinary Riemannian geometry, where vanishing torsion and metricity uniquely determine the Levi-Civita connection via the Koszul formula, one has three different constraints on the connection coefficients in double field theory:
• ∇H = 0 ↔ ∂ K H M N = Γ KM P H P N + Γ KN P H P M . In [35] , it was shown that these conditions do not determine the connection coefficients uniquely. However, different choices of connection coefficients give rise to the same DFT actions, so we will use the most common solution to write down actions in our language. Before stating the solution according to [35] , we remark that in case of a non-trivial dilaton there is a further constraint involving the trace of the connection coefficients:
It was shown that the four constraints give a solution to the connection coefficients in terms of the generalized metric which is non-unique but different solutions lead to the same Ricci scalar:
Proposition 7.8. [35] . In case of vanishing Gualtieri-torsion, H-metricity, covariant constancy of the form η and the dilaton constraint, a possible solution for the connection coefficients is given by 23) where D is the dimension of the manifold underlying the doubled manifold.
Using these connection coefficients, an action for double field theory was formulated in [35] using the extended Ricci scalar (7.22).
Comments on a global description
There is now an obvious procedure for turning our local description of double field theory into a global one. The first step consists of integrating the infinitesimal symmetries described by the Lie 2-algebra structure on E 2 (M ) to finite symmetries. The second step is then to use the resulting finite symmetries to patch together local descriptions.
In principle, it is possible to integrate any Lie 2-algebra, using the various techniques in the literature [70, 71, 72] . These techniques, however, are very involved, and the outcome is often cumbersome in the sense that a categorical equivalence has to be applied to it to be useful.
Fortunately, we do not really require the finite symmetries themselves, but merely their action on extended tensors. This action is simply given by a Lie algebra, cf. section 6.2 and equation (3.8) , which is readily integrated. Moreover, this has been done before in [11, 73] .
A proposal of how to glue together local descriptions of double field theory with finite symmetries was made in [30] . In [31] , however, it was shown that this procedure works at most for gerbes with trivial or purely torsion characteristic class. That is, the 3-form curvature H of the B-field is (globally) exact and thus does not exhibit any topological non-triviality. This is clearly too restrictive for a general application in string theory.
From our perspective, this is not very surprising, as non-trivial background fluxes require to work with the twisted symmetries introduced in section 6.4. It is the Lie algebra of actions of the twisted infinitesimal symmetries that should be integrated and used in the patching of local descriptions of double field theories with non-trivial background fluxes. We hope to report on progress in this direction in future work.
One can, however, adopt a different standpoint, which also explains that a topologically non-trivial 3-form flux is precisely where things break down. As shown in [74] , global Tduality with non-trivial H-flux induces a change in topology. In particular, the H-flux will encode the topology of the T-dual circle fibration. Even worse, performing a T-duality along the fibers of the torus bundle T 2 →T 3 → S 1 with H-flux the volume form, it was observed in [75] that a circle disappears under T-duality. The T-dual was then interpreted in [76] as a continuous field of stabilized noncommutative tori fibered over S 1 . It is very hard to imagine that this situation can be captured by gluing together the current local description of double field theory. Inversely, however, there may be some room to turn pre-NQ-manifolds into ordinary noncommutative and/or non-associative NQ-manifolds.
Finally, let us note that in generalized geometry, one might be tempted to integrate the underlying Courant algebroid V 2 (M ), which is a symplectic Lie 2-algebroid, to a symplectic Lie 2-groupoid, using the methods of [77, 72] . It would be natural to expect that the associated Lie 2-algebra of infinitesimal symmetries survives this integration, but this is not clear at all.
Moreover, when trying to apply this integration method to the case of double field theory, we face the problem that the underlying geometric structure is a pre-NQ-manifold instead of an NQ-manifold.
